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SINGULAR INTEGRALS AND APPROXIMATE IDENTITIES
ON SPACES OF HOMOGENEOUS TYPE!
BY
HUGO AIMAR

ABSTRACT. In this paper we give conditions for the L>-boundedness of singular
integrals and the weak type (1,1) of approximate identities on spaces of homoge-
neous type. Our main tools are Cotlar’s lemma and an extension of a theorem of Z6.

Introduction. The behavior of singular integrals and approximate identities as
operators on the space of integrable functions, i.e. the weak type (1,1), can be
investigated by using the Calderén-Zygmund method. This method relies, essen-
tially, on the possibility of solving two problems of different nature:

I. produce an adequate decomposition of L' functions,

II. prove the L? boundedness of the operator for some p € (1, ¢ ].

Problem I can be solved in the very general setting of spaces of homogeneous type
introduced by R. Coifman and M. de Guzman in [CG].

In this paper we study problem II and its application to prove the weak type (1,1)
of singular integrals and approximate identities operators with kernels defined on
spaces of homogeneous type. The approximate identities considered here are natural
generalizations to spaces of homogeneous type of those introduced in [Z]. The main
results are the L? boundedness of singular integrals and the weak type (1,1) of
approximate identities. To prove them we impose an additional geometric condition
on the normalized homogeneous structure, that is, the boundedness of the measure
of an annulus by the difference of its radii. The precise definition is given in §1,
where we also include several examples of spaces endowed with this property.

The central tool in the proof of L? boundedness of singular integral operators,
given in §3, is Cotlar’s lemma. A general class of approximate identities is intro-
duced and studied in §4. We use an extension of the theorem of Z6 (see [Z]) to the
general setting of spaces of homogeneous type. In order to obtain this extension we
show in §2 a covering lemma and a decomposition lemma for L' functions (i.e. we
give a solution for problem I) in the case when the space is not necessarily bounded.

1. Definitions and notation. Let X be a set, let a nonnegative symmetric function
d on X X X be called a quasi-distance if there exists a constant k such that

(1.1) d(x,y) <kld(x,z)+d(z,y)]
for every x, y, z € X, and d(x, y) = 0 if and only if x = y.
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The sets {(x, y) € X X X: d(x, y) < 1/n} define a base of a metrizable uniform
structure on X. The balls B(x, r) = { y: d(x, y) < r} form a base of neighborhoods
of x for the topology induced by the uniform structure.

We shall say that (X, d, ) is a space of homogeneous type if d is a quasi-distance
on X, p is a positive measure defined on a o-algebra of subsets of X which contain
the balls, and there exists a constant 4 such that

(1.2) 0 < p(B(x,2r)) < Ap(B(x,r)) < oo

holds for every x € X and r > 0.

(X,d,p) is a bounded space of homogeneous type if there exist x, € X and
R > 0 such that X = B(x,, R). In the proof of Lemma (2.1) we shall make use of
the following known result: (X, d, ) is a bounded space of homogeneous type if and
only if p( X') < oo. Therefore, if n( X) is finite, we shall assume that the radii of balls
are bounded.

Following [MS2] we shall say that a space of homogeneous type is normal if there
exist finite and positive constants 4,, 4,, K|, K,, K, < 1 < K, such that

(1.3) Air < p(B(x,r)) ifr<Kp(X),
(1.4) B(x,r)=X if r> K,u(X),
(1.5) Ayr > p(B(x,r)) ifr> Kp({x}),
(1.6) B(x,r) = {x} if r < Kyp({x})

for every x € X and r > 0.

In [MS1], R. Macias and C. Segovia prove that given a space of homogeneous
type (X, d, ) such that open balls are open sets, a new quasi-distance p can be
defined on X in such a way that (X, p, u) is normal and the topologies induced on
X by p and d coincide. They also prove the following fundamental property for
quasi-distances. ’

If d is a quasi-distance on X, then there exist a quasi-distance d’ equivalent to d,
a number a € (0, 1) and a finite constant C, such that the inequality

(1.7) ld'(z,x) —d'(z,y)|< Cr'ed’(x, )"

holds whenever d’(z,x) <r and d’(z,y) <r. A space of homogeneous type
(X, d’,p) satisfying (1.7) shall be called a space of order a.

Let (X, d, ) be a space of homogeneous type and let f be a locally integrable
function on X. We write my(f) for p(B) Y[ fdu. As in the euclidean case, the
weak type (1,1) and the L? boundedness of the Hardy-Littlewood maximal function
operator,

Mf(x) = sup{mB(lfD: B is a ball containing x},

hold (see [CW]).
If (X,d,p) is a normal space of homogeneous type, we shall say that (X, d, )
satisfies property P if and only if there exists a finite constant C such that

(1.8) p(B(x,r+s)) —p(B(x,r)) < Cs

holds for every x € X and r, s > 0.
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The following examples show that many of the usual homogeneous structures
satisfy this smoothness property.

ExaMpLE 1. If X =R", d(x, y) =|x — y|" and p is the Lebesgue measure, then
(X, d, p)is a normal space of order 1/n and satisfies property P.

EXAMPLE 2. Let X be the euclidean space R” and pu be the Lebesgue measure. Let
{T\: A > 0} be a continuous family of transformations on R” such that 7, , = T T,
T, is the identity, and ||Ty|| < A when 0 < A < 1. Following [R], we define the
distance from x to 0 as the number p = p(x) such that |T,..(x)| = 1. Let M be the
matrix such that T, = eMloer and trM be the trace of M. Then, the function
d(x, y) = p(x — y)"™ is a quasi-distance and (X, d, 1) is a normal space of order
(trM)~! satisfying property P. In fact, u(B(X,r))= Cr, where C is a finite
constant.

ExAMPLE 3. Let G be a locally compact group and let p be the Haar measure on
G. Assume that {U,: ¢t > 0} is a regular Vitali family on G (see [R]) such that the sets
U, are symmetric neighborhoods of the identity, and wu(U,) is continuous and
increasing as a function on R*. Then,

d(x,y)=inf{p(U): x —y € U}
is a quasi-distance on G and p(B(x,r)) = r.

ExaMPLE 4. Let w be a nonnegative locally integrable function defined on R such
that w(B(x,2r)) < Cw(B(x,r)), where w(E) = [pw(x)dx and C is a finite con-
stant. This “doubling condition” is satisfied whenever w belongs to a Muckenhoupt’s
class A4,. The normalization of the space (R, | - |, wdx) gives the distance

d(x.y)=|[ w(z)az

X

It is easy to prove that w(B,(x, r)) = 2r. In particular, property P holds.

ExAMPLE 5. In order to obtain the results on approximate identities included in
§4, the property of symmetry for the quasi-distance can be replaced by the existence
of two constants C, and C, such that

Cld(x’ y) < d(y»x) < Czd(x, y)

holds for every x, y € X. An example of a quasi-distance satisfying this weak
symmetry is given by

d(x,y)=w(B(x,|x - yl)),

where w is a weight function on R” satisfying a doubling condition and B(x, |[x — y|)
is a euclidean ball. If B,(x,r) = {y: d(x, y) <r}, then w(B,(x,r)) = r. We can
prove that (R", d, wdx) is also of order « in the sense that (1.7) holds. This is an easy
consequence of the B property proved in [GGW], namely, there exists 8 € [ 0,1)
and a finite constant C such that

w(B(x, |x — xol + s)) - w(B(x, |x — xol))
< Cw(B(xo,s))l_Bw(B(x, |x — xOI))B

holds whenever |x — x,| = s.
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2. Basic lemmas. A covering lemma for bounded sets on spaces of homogeneous
type can be found in [CW]. In order to prove a Calderon-Zygmund type lemma for
nonnecessarily bounded spaces of homogeneous type, we need the following

(2.1) COVERING LEMMA. Let (X,d,p) be a space of homogeneous type. Let
%= (B, a €T} bea family of balls such that the set E = U, B, is measurable
and p(E) < . Then there exists a disjoint sequence {B;} = { B(x,,r,)} C & such
that E C UB(x;,Cr,), with a constant C depending only on k. Moreover, every B € &
is contained in some B(x,,Cr;).

PROOF. Observe that if A C T and B, = B(x,,r,) is a fixed ball with A € A,
then the family

= {B,: « € A and B(x,,2kr,) N B, + @}

is nonempty and the set Z = {r,: B, € #} is bounded. In fact, if X is bounded
there is nothing to prove. Assume that X is unbounded and supZ# = oo. Let
{r;} © 2 be an increasing sequence such that r, > r, for every j and r, tends to oo
when J tends to co. From B, N B(x;,2kr;) # Q we deduce easily that B(x,,r;) C
B(x,, 4k3 r;)- Thus, applying (1.2), it follows that

,u.(B(xA,rj)) < Cu(B(xj,rj)) < Cu(E) < o,

which is a contradiction because u(X) = oo and the left-hand side increases to
p(X).

The sequence {B;} can be constructed inductively in the following way: Let
%, = B and B, = B(x,,,r,;) € %, such that

2u(By,) > sup{n(B): B< %,}.
Let
%, = {B,=B(x,,r,) € B,: B(x,,2kr,) "By, + @ }.

Therefore, the set #, = {r,: B, € #,} is bounded and, consequently, we can
choose B, = B(x,,r;) € %, such that 2r, > sup%,. Let us prove that if B =
B(x,r)y€ %, and BN B, # @ then B C B(x,,Cr,) for some constant C depend-
ing only on k Assume that r < k(1 + 2k)r,. Let z € B and u € B N B,. Applying
(1.1) we obtain

d(z,x)) < k[d(z,x) + k(d(x,u) +d(u,x,))] < k[r+k(r+nr)] <Cr,

which proves our assertion when r < k(1 + 2k)r,. But this is always the case,
otherwise, if y € B(x,2kr)) N By, and u € B N B, the inequality

d(x,y) < k[d(x u) + k(d(u, x,) +d(x1,y))] < k["‘*‘ k(ry + Zk"l)] < 2kr
proves that B € %#,. From this we get
2r, > sup R, > r > k(1 + 2k)r; > 3ry,

which is a contradiction.
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Assume B, = B(x;, r;) and By ;= B(xy,15,), j = 1,2,...1, are given satisfying

(2.2) By,€#,={Bc# BN[BU---UB_,|=0),
(2.3) 2u(B,,) > sup{p(B): B€ B,},

(2.4) B € %, = {B,=B(x,.r,) €% B(x,,2kr,) N B, ,#+ &),
(2.5) 2r,> sup®,;, where ;= {r,: B(x,,1,) € B},

(2.6) if Be %; and BN B, + @, then B C B(xj,er), where C is
) a constant depending only on k.
Suppose there exists a € I' such that there is no j=1,...,i for which B, C

B(x;,Cr;). Clearly, %,,, # @. Letus pick B;,,, € %, such that

2u(By,) > sup{pu(B): B€ %,.,}.

On account of the boundedness of #,,, we can choose B;,, = B(x,,,,7,,,) € %,,,
with 27, > sup %, , . The proof of (2.6) for j = i + 1 is like the one for the case
j=1

If in some step i of the induction process every B, is contained in some B(x 5 Cr),
J =1,..., i, then the finite sequence { By, ..., B,} satisfies the required properties. If
this is not the case, we get a disjoint infinite sequence { B;}. Let B € %. If we show
that B NUX, B, # @, then the result follows from (2.6). Assume that B N U% B,
= @; then B€ %, for every i > 1. From (2.5) we get 2r, > To.;» consequently
B, , C B(x,,6k’r;). Finally, taking into account (2.3), we have

0 <p(B) <2u(By,) < Cu(B,).

Thus

o0 0
p(E) > u( U Bi) = L u(B) = oo,
i=1 i=1
which is a contradiction. This finishes the proof of the lemma. O

(2.7) LEMMA. Let (X, d, pu) be a space of homogeneous type such that the open balls
are open sets. Let f be a nonnegative integrable function defined on X. Then for every
A>my(f) (my(f)=0 if p(X)= ), there exists a sequence of disjoint balls,
{B,} = {B(x,,r,)} such that, if B, = B(x,Cr,), C the constant in Lemma (2.1),

(2.8) mp(f) <A <mg(f),
(2.9) mp(f) <\ for every ball B centered at x € X — U,B,.

PROOF. Let @ = {x € X: Mp.»(f)> A for some r > 0}. If @ = &, then (2.9)
holds for every x € X and the lemma follows. Let x € Q. The integrability of f

implies that the set {r > 0: m Bx.r)(f) > A} is bounded. Consequently we can
choose r(x) > 0 such that

Mg rian(f)>A> Mpix crien(f)-

The set E = U, . oB(x, r(x)) is open and, in particular, measurable. From the weak
type (1, 1) for the Hardy-Littlewood maximal operator we deduce that

B(E) = n((y € X: MI(») > N)) < 5 [ fau < co.
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We now apply Lemma (2.1) in order to get a sequence { B, }, which clearly satisfies
(2.8) and (2.9). O

This result allows us to obtain a Calderon-Zygmund type decomposition for L'
functions. In fact, preserving the notation of Lemma (2.7) we have

(2.10) CALDERON-ZYGMUND TYPE LEMMA. Let (X, d, p) be a space of homoge-
neous type such that the open balls are open sets and the continuous functions are dense
in L. Let f be a nonnegative integrable function and X > m y(f). Then there exist
functions h, such that the sets S, = {x: h;(x) # 0} are pairwise disjoint and

(2.11) g=f-Yhel'nL® and |g|. < DA,
(2.12) f hdp=0,

(2.13) S,c B,

(2.14) Y u(B) < DN 1L,

i

where the constant D depends only on k and A.

PRrOOF. Observe that the sequence {V;}, defined by

o
V1=B1—UB", Vl [UVU UB:|
n=2

n=i+1
satisfies the properties
B,cV,c B, and UV,=UB,.
i i

Let h,(x) = [f(x) — m,(f)lxy,(x), where x ;. denotes the characteristic function of
the set E. Clearly A, satisfies (2.12) and (2.13).
From (2.8) we deduce (2.14) in the following way:

Su(B) < DLu(B) < DX'L [ fdu< DX

In order to prove (2.11) let us first assume x & U V. Since the continuous functions
are dense in L'(X), the Lebesgue differentiation theorem applies. Therefore, using
(2.9) we get g(x) = f(x) < A. Taking now x € V,, from (2.8) we obtain

() wh) _
g(x)— V,(f)\ B(f)\ (B) B,(f)\D}\- O

r(V)
In a metric space, if z belongs to a ball B(y, r), then
B(z,r—d(z,y)) € B(y,r)C B(z,r+d(z,y)).
A simple and useful analogous property holds on spaces of homogeneous type of
order a.

(2.15) LEMMA. Let (X, d, ) be a space of homogeneous type of order a. Let k and
C be the constants in (1.1) and (1.7) respectively. Then, given z, y € X and r > 0
such that

(2.16) d(z,y) < [c-@K) <],
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we have
@ # B(z,r—6r'"%d(z,y)*) c B(y,r) € B(z,r + 8r'~°d(z, y)®)
for every 8 satisfying CQk)' ~* < 8 < [r/d(z, y)]~
PROOF. Since

r—8r"%(z, y)*>r—|[r/d(z,y)]°rt7%d(z, )" =0,
we have B(z,r — 8r'=%d(z, y)*) # &. From (2.16) we see that d(z, y) <r. Let
u € B(z,r — 8r'=%d(z, y)*). Then d(u,z) <r and d(u,y) < 2kr, and we can
apply the property of order a in order to obtain

d(u,y) <d(u,z)+ C(2k) *r'~d(y,z)"
<r+[c@k) =8| d(y,2) <,

which proves the first inclusion; the second can be proved similarly. O

We shall frequently use the following known properties on the integrability of
powers of the quasi-distance on normal spaces of homogeneous type.

LEMMA. Let (X, d,p) be a normal space of homogeneous type. Let r > 0 and
x € X. Then

(2.17) / d(x,y) " dp(y) = oo,
d(x,y)<r
(218) Jod(xy)tdp(y) = 0 if p(X) = eo.
d(x,y)>r

If p({x}) = 0 and a > O, then there exists a constant C such that

(219) [ Ay tam(n <o
d(x,y)=>r

(2.20) f d(x,y)* ‘du(y) < Cre.
d(x.y)<r

3. Singular integrals. In this section (X, d, p) is a normal space of homogeneous
type and k is the constant in (1.1). We shall consider a singular integral operator
with measurable kernel K: X X X — R satisfying the following properties:

(3.1) There exists a constant C, such that |K(x, y)| < C,d(x, y)~* holds for every
X #y.

(3.2) There exist a € (0,1) and C, > 0 such that

(@) |K(p, x) — K(z,x)| < Cd(y,2)%d(x, )~ 7*,

(b) |K(x, y) — K(x,2)| < Gd(y,z)d(x, y) " hold if d(x, y) > 2d(y, z).

(3.3) For every R and r we have

(a) /rsd(x.y) <rK(x,y)dp(y) =0, for every x € X,

(D) [, ca(x.yy < r K(x, y)dp(x) = 0, for every y € X.

Given R > r > 0, define

Kp f(x) = [ K(x,»)f(y) dn(y),

r<d(x.y)<R
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where f is a locally integrable function. If i € Z we write x, for the characteristic
function of the set

{((x,y)e X x X: (2k) < d(x,y) < (2k)}
and K, for Kx,.

(3.4) LEMMA. Let (x,d,p) be a space of order « satisfying Property P. If K is a
singular kernel for which (3.1) and (3.2)(a) hold, then there exists a finite constant C,
such that

(3.5) [ 1K x) = K20 | du(x) < G2K)™d(r,2)"
holds for every i € Z and y, z € X.
PROOF. Let C be the constant in (1.7), x, y € X and i € Z. Assume
(2k)™d(y,z)" < 4C(2k)" "
In this case the inequality (3.5) follows readily from (3.1). Indeed

[1K(y.x) = K (2, %) |du(x) < €, d(x.y)  dp(x)
X (2k) <d(x.y)<2k)"

+C, d(x,z) " du(x).
QKY <d(x.z)<@2k) ™!

Then on account of (1.5), we have that the left-hand side in (3.5) is bounded above.
From our assumption the right-hand side of (3.5) is bounded below by a positive
constant. Thus, (3.5) holds. Suppose (2k)*d(y,z)™* > 4C(2k)' . Let

I=j(’2/\y d( )<(7A)"I|K()”X)—K(z,x)‘a’“(x)
() <d(x,y 2k

and
1= [ 1K (2,0 [x,0n ) = xi(z.x) [ di(x).
Therefore
[\JK,(y,x) —K,(z,x)|dp(x) <1+ IL
In order to estimate I, from
(2k)' > d(y, 2)[ac(2k)' ] > 2d(y, 2),
using (3.2)(a), we get

Isczd(y,z)“f d(x,y)" " “du(x)
Ay <d(x.y)<@2k)y!

< CQ2k) ¥d(y,z2)".

On the other hand, clearly
= [ 1K(zx)]dp(x),
A

Ay
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where

A(y,2) = [B(y,2k)"™") = B(».(2k)")|A[ B(2, (2k) ") - B(z,(2k)")]

and A denotes the symmetric difference. Applying Lemma (2.15) we shall see that
A,(y, z) is included in the union of two annuli centered at z. Let r, = (2k)' and
r, = (2k)'*'. Then

e,y < [scta a0y < [cr ]
< [y ],

which is (2.16) for r; and r,. Letting a, = (2k)' — 8(2k)'*~¥d(z, y)* and b, =
k) + 8(2k) M ~d(z, y)°, with § = 2C(2k)'~* we have

B(z,a;) < B(y,(2k)") c B(z,b,)

and
B(z’ai+l) < B(yv(zk)’+l) c B(Z’bi+l)'
Consequently,
Ai(y7z) c [B(z»bin) - B(Z’ai+l)] U[B(Z7bi) - B(Z’ai)]-
So applying (3.1) we obtain
II < Clai_-&l[y‘(B(z’biw‘-l)) - ”'(B(Z’ai+l))]

+Clai_1[p'(B(z’bi)) - ,u(B(z, ai))]'

On account of property P, the right-hand side in the above inequality is bounded by
C[ai—+11(bi+1 - ai+1) + ai_l(bi - ai)]
28(2k) N0 (2, p)" N 26(2k) " d(z, y)*®
k)™ = 82k)"TN V(2 ) (k) - 8(2k) T Vd(z, y)*®
< C(Zk)—aid(z,y)u,

finishing the proof of the lemma. O
ReMARK. If the kernel K satisfies (3.2)(b) instead of (3.2)(a), we get

S, 1K y) = K, 2) | di(x) < Co(2k) (5, 2)"

COTLAR’S LEMMA. Let H be a Hilbert space and T\, T,, ..., Ty a finite sequence of
linear and continuous operators on H. Let ¢:Z — [ 0, 00) such that ¥ __c(1)'/? = A4

< oo and let T* be the adjoint of T,. If |IT*T}|| < c(i —j) and ||T,T*|| < c(i — j),
then |IL_\T)|| < A.

i=1
This version of Cotlar’s Lemma and its proof can be found in [G]. O
(3.6) THEOREM. Let (X, d, ) be as in lemma (3.4) and let K be a singular kernel

satisfying (3.1), (3.2) and (3.3). Then there exists C, independent on R, r and f, such
that |[Kg . fll, < Clifll»-
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PrROOF. If f € L*(X,p) and x € X, then K;(x, y)f(y) is an absolutely integrable
function of y. Consequently, the function 7,f(x) = [K,(x, y)f(y)dp(y) is well
defined. Moreover, 7} is linear and continuous as an operator on L% In fact,
applying Schwartz’s inequality and (3.1) we get

TG < {JIK 1O Pdu()) | [1K, (9 |du(5)

< [ 1K, (e ) £ ()
so that
1712 < C[I7 O] 1K, (x, ) [du(x)) du(3) < €U
The adjoint T,* of T, is the integral operator with kernel K (x, )= K;(y,x),1e.
Tg(x) = [ K, (3, x)g(y) dp(»).

In order to apply Cotlar’s Lemma, we shall estimate the norm of 7;*T. Since (X, p)
is o-finite, from Fubini’s theorem we see that T,*T; is the integral operator with
kernel [K,(y, x)K(y, z)dp(y), namely

TT5(x) = [{ [ K 0K, (5:2) du() | £(2) du(2),

where f € L% Applying Schwartz’s inequality, the function |T,*T,f(x)|* is majorized
by

(3.7) [ [500K 02 an()| 17 duz)
<{ | K 0K, (5. 2) du(5) | du(2) .

Assume that i > j. On account of (3.1), the second factor in (3.7) is bounded by a
constant C depending only on k, 4 and C,. Applying (3.3), Lemma (3.4) and (3.1),
we have

[T 1; < cf{ [][R 00K () ()| 112 d2) ) dn()
= Cf{ [ 1K 0) = K201 K, (32 du() || £ ds(2) ()
<cfif)lf d(y.2)" " (2k) " du(y) dp(2)

1<d(y,2)/(Qk) <2k

< C(2K) ™ (20) " 2k) N 1115
= cQk) " £l

Therefore, we get

(3.8) |7*7 || < c(2k)™" 7V
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for i > j. If i <j, we apply (3.3),(3.5) and (3.1) in order to estimate the second
factor of (3.7):

S| K 0K, (3 2) du(3) ] dn(2)
~ [ K 0[K (7.2 = K (5. 2)] () | du(2)

<C d(x,y)* ' (2k) ™ dpu(y)
1<d(x,y)/Qk)' <2k

< C(2k)—ali_j|,

so that
I75T 7|, < kY™ [17() [1K, (3 2)| [1Ki . 2) [di(x) di(y) dp(2)

—ali—j 2
< CK)Y™ 115

which proves that (3.8) also holds for i < j. By the symmetry on the properties of K,
the same estimate holds for ||T;T;*|. Letting c¢(/) = C(2k) *"V/? and applying
Cotlar’s Lemma we obtain

<Y )<
leZ

J
X7,
=i

for every i <j. If 0 <r < R < oo, let i, j € Z such that 2k)' < r < (2k)'*! and
(2k)’ < R < (2k)’*'. Then, from (3.1), we get

| K f(x)] < f{ |K(x, )| 1£(») ] dr(y)

k) <d(x,y)<R)U{r<d(x,y)<2k)*!}

+ Y T

I=i+1

j-1
<cMi(x)+ ¥ Tf(x).
I=i+1

Therefore ||Kg ,fll, < Clifll,- O

REMARK 1. The fact that the order of the space and the order of the smoothness
condition (3.2) coincide is clearly nonrestrictive, since we could use the smaller one.

REMARK 2. In general for 1 < p < oo, if we know that, for instance, a Lipschitz
class is dense in L?(X), we can obtain the usual results on L? and pointwise
convergence for K ,(f) by a suitable modification of the standard argument. This
is the case if, for example, (X, p) is a regular measure space, since then there exists
a € (0,1) such that the class Lipschitz a is dense in L?( X).

4. Approximate identities. We first give a generalization to spaces of homogeneous
type of some results due to F. Z6 (see {Z]) on sufficient conditions for the weak type
(1, 1) of the maximal operator associated to a family of integrable kernels.
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(4.1) THEOREM. Let (X, d, p) be a space of homogeneous type such that continuous
functions are dense in L'. Let T be a sublinear and countably subadditive operator,
from L' + L* into the space of measurable functions on X. Assume there exist M and
C, satisfying

(4.2) T8l < Collgll-e-
(43) J ITh(x) di(x) < G, f [ ()] dp(x)
X = B(xy,Mr) X
forh e L', {h # 0} C B(xy,r) and [hdu = 0. Then T is of weak type (1,1) and of
strong type (p, p) (1 < p < o0).

PROOF. Let p be a quasi-distance on X such that the p-balls are open sets and
Cip(x,y) < d(x,y) < Cyp(x,y) for some finite constants C;,C, and every x,
y € X. If f is a nonnegative integrable function with m y(f) <1 we can apply
Lemma (2.10) with A = 1 and f considered as a function on ( X, p, ). In this way
we can write f= g+ X h,, where g and h, satisfy (2.11)-(2.14). On account of
(4.2) and the sublinearity of T, we only need to show

p({x € x:[T(Zn) ) |[> oY) < el 1.
Let C be the constant in Lemma (2.1). Clearly,

u({x € x:|T(Zh,)(x)|> ¢,D))

< ,u({x 3 UBd(x,,, MCGyr,): |T(Xh,)(x)|> COD})

(xn’ MCC2 n)]

n
Since B,(x,, MCC,r,) C B,(x,, MCC,Cy 'r,). from (2.14) we see that the second
term on the right-hand side of the last inequality is bounded by a constant times the
L' norm of f. Moreover, since S, = {h, # 0} C B,(x,,Cr,) C B,(x,,CC,r,), we
can apply (4.3) in order to obtain

,LL({x & L"JBd(x,,, MCG,yr,): IT(Zh,,)(x)|> COD})

<c) |Th,(x)|dp(x)
T I x—B,(v, . MCGyr)

<cZ [ h ()] dn(x) < CUf

The L” boundedness of T is a consequence of the Marcinkiewicz interpolation
theorem. O

(4.4) COROLLARY. Let (X, d, ) be a space of homogeneous type such that continu-
ous functions are dense in L'. Let { K, a € T'} be a family of measurable functions

defined on X X X such that
Tf(x) = sup | [ Ko(x. )/ (5) di()

defines a measurable function on X, whenever f € L' + L*. Assume
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(4.5) there exists C independent of x and a such that
fx [Ko(x,y)|du(y) < C,
(4.6) there exist two constants M and C such that
) sup [ K, (2,y) = K,(z,x) |du(z) < C,

(z.y)>Md(x.y)aeT
for every x, y € X.

Then T is of weak type (1,1) and of strong type (p, p) (1 < p < o).

PrOOF. We only need to check (4.3). Let h € L' such that {h # 0} C B(x,,r)
and [hdp = 0. We have

fx-g(xo,M,)'T”(z)'d“(z)

= sup
X—B(xg,Mr)aeT

<[ I»If sup | K,(z, ) = K, (2, %0) | du(z) d(y)
B(xq,r) X—B(xg,MryaeT

[ ROK(z9) = Koz, x0)] di(y) |du(z)

(xg,7)

< C|| k|- |
Now, we apply this result to the study of a class of approximate identities on
normal spaces of homogeneous type. From the R” version of Corollary (4.4) it
follows that |Vk(x)| < C|x| ""! is a sufficient condition in order that the family
k.(x,y) =& "k(e!(x — y)) defines a well-behaved approximate identity. The class
of approximate identities which we shall consider arises quite naturally by the
following consideration.

PROPOSITION. The following conditions on a function I(x) defined on R" are
equivalent:
(a) I(x) € €}(R" — {0}) is a nonnegative, integrable and radial function such that

(4.7) Ivi(x)|< C-|x|
for some finite constant C and every x € R" — {0}.
(b) There exists ¢ > 0 defined on R* such that

-n—1

(4.8) 1(x) = o(1x") x|,
(4.9) o € ¥'(RY) N L=(R*),
(4.10) l¢'(¢) | < Ct7Y,
(4.11) foo¢(t)t‘1dt < 00.

0

In the approach (b) /(x — y) is regarded as a function of |x — y|”, the normalized
quasi-distance on the n-dimensional euclidean space. Moreover, (4.9)-(4.11) are
properties of ¢ as a real function, and so independent of the euclidean structure of
R". The associated family of kernels is

Is(x = y) = 8"1((x = y)/8) = ¢(8"|x — y[")|x — y| ",
where 8§ > 0.
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Consequently, a general class of approximate identities on normal spaces of
homogeneous type is obtained considering families of kernels given by

(4.12) K (x,y) = ¢(ed(x, y))d(x.y)"
for € > 0; where ¢ is a function satisfying (4.9)—(4.11).

In the sequel, (X, d, ) denotes a normal space of homogeneous type such that
continuous functions are dense in L'. The next lemma shows that (4.5) holds for the
family { K, } defined by (4.12), provided the space is endowed with property P.

(4.13) LEMMA. Let ¢ be a nonnegative function defined on R™* satisfying (4.9)-(4.11),
and let K, be defined as in (4.12). If (X, d, p) satisfies property P, then there exists a
constant C such that

a/e _
(4.14) [ Kd(xp)du(y) < o) a
d(x,y)<a 0
holds for every € € (0,1), x € X and a > 0. Consequently,
oc
(415) [K L y)du(y) < €[ o) ar
X 0

PROOF. If x is a fixed point in X, then K _(x, y) is measurable as a function of
(&, y) defined in (0,1) X X. Since ( X, p) is a o-finite measure space, we have

1 _1f 1
fo{fXKe(x,y)du(y)} d£=fxd(x,y) l{fo95(8‘1&'()@y))a'f} du(y).
If we set ¢ = £7'd(x, y), changing again the order of integration, we get
1 oc
[ Kdxop)au()) de = [To(0)2u(B(x.0)) dr
o Wy 0
<cTe(t) i dr < co.
< fo o(t)t7ldt < o0

Therefore (g, ., K.(x,y)dp(y) is integrable as a function of & € (0,1). Then we
can apply the Lebesgue differentiation theorem in order to obtain

) L [8+h
[ Kxp)an() = lima [T K(xp)du(n) de.
B(x.a) h—0 5 B(x,a)

In order to estimate the right-hand side we write

h'lf:w{fd(x‘y)qlﬁ(x,y)du(y)} de

= h—l,/(;(x'ykad(x’ y)_l{j:+l1¢(€_ld(X, y)) de} du(y)

= {f"”""’/a ¢(t)t‘2dt}du(y)

d(x.y)<a\7d(x,y)/(6+h)
_1 [a/8 _
=h ‘f ¢(1)1 2 [p(B(x,a)) — u(B(x,18))] dt
a/(6+h)

+h-1£)a/(8+h)¢(t)t_2[#(B(x"(8 +h))) — n(B(x,18))] dr.
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Taking into account property P, we get
S+h \
h_lf ’ {f Ke(x’Y)dM(y)} de < Cfa/ o(t)t ' dt.
8 d(x,y)<a o

Thus, (4.14) is proved for almost every ¢ € (0,1). Let § € (0,1). Taking ¢ > § such
that (4.14) holds for ¢, from (4.9) and (4.10) it follows that for every N € N,

f Ks(x,y)du(y)
N-l<d(x,y)<a

<J.. d(x, )7 (87d(x, »)) = o(e7d(x, )| du(»)
N7 <gd(x,y)<ua

+ K. (x,y)du(y)

Nl<d(x,y)<a

e— 08
ed

< CaNeZ=2 + Cf”/8¢>(t)t‘1dt
0

holds. Since we can choose ¢ — § arbitrarily small, clearly

Jo oy Koy () < €[ o0 a
uniformly on N. Therefore (4.14) holds for every ¢ € (0,1), and the lemma is
proved. O

REMARK. The result of this lemma remains valid if instead of (4.10) we only know
that the function ¢ is of class Lipschitz 1 on each interval of the form (¢, 00), with
Lipschitz norm bounded by Ct 2.

(4.16) THEOREM. Let (X, d, ) be a space of order a satisfying property P and K,
defined by (4.12). Then the operator

T7(x) = sup | [ Kz )0(2) d()

O<e<l1
is of weak type (1,1) and of strong type (p, p) (1 < p < o0).

PROOF. In order to apply Corollary (4.4) we observe that by the preceding lemma
the property (4.5) on uniform integrability of { K,} holds. We now prove that (4.6) is
also valid. First observe that sup,...,|K.(z,y) — K. (z, x)| is measurable as a
function of z for fixed x, y € X. On account of the property (4.9) of ¢ we get the
following estimate:

1K (2, y) = K(z,x)|< d(z, ) o(e7d(z, y)) — ¢(e7d(z, x)) |
+]o(ed(z,x)) | d(z, )" = d(z,x)7'|
<|#(®)|ld(z, y) — d(z,x)[e7d(z, y)™"
+Cld(z,y) = d(z,x)]d(z, ) 'd(z, %),
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where ¢ is a real number between d(z, y)e ' and d(z, x)e™!. If z is such that

d(z,x) > 2kd(x, y), then d(z, x) < 2kd(z, y) and, consequently,
£>d(x,z)et(2k)
Therefore from (4.10) we deduce that
K.z, 9) = K(2,%)| < Cld(z, ) — d(z.x)1d(z, y)"d(z. %)™
< Cld(z,y) —d(z,x)|d(z,x)".

Moreover, since d(z, x) > 2kd(x, y) also implies d(z, y) < Cd(z, x), using the fact
that the distance d is of order a, we get

(4.17) |K(z,y)—K.(z,x)|< Cd(x,y)ad(z,x)_l_a

for every € > 0. Then (4.6) follows from (2.19). It remains only to prove that 7f(x)
is a measurable function. Even more, we shall see that if f is bounded and
integrable, then Tf(x) is lower semicontinuous. Let A > 0, U, = {x € X: Tf(x) >
A} and x4, € U,. Then there exists ¢ € (0,1) such that | [ K (x,, 2)f(z)du(z)]| > A.
Let x € X such that 2kd(x, x,) < 1. Applying (4.14) and (4.17) we see that

UX[KS(XO’Z) - K(x,2)] f(2)dp(z)

<f K, (x0,2) = K,(x,2) | | £(2) ] dn(2)
d(z.x0)>[2kd(.\xx0)]'/2
+ [K(xo,2) + K (x,2)]1/(2)|dp(2)
d(z, xo)<[2kd(x, x0)]'?
< Cd(x,xo)a“f“mf d(z,x)" “dp(z)

d(z,xo)>[2kd(.’:”\‘0)]'/2

+C||f”oo/ o(t)ttdr

0<t<k[(Qkd(x.x¢) /?+d(x,xy))e}

< Ol lod(x,x0) ™ + Cllf Nl [ o(1)r " dr.
0<r<Celd(x,xy)"?

Then [[K (x4,2)— K.(x,2)]f(z)du(z) tends to 0 when d(x,x,) tends to O,
consequently the inequality |[K (x,z)f(z)du(z)|> A holds for every x in a
neighborhood of x,. O

REMARK 1. This result remains valid if ¢ satisfies the weaker smoothness hypothe-
sis introduced in the remark after Lemma (4.13). Then if ¥: R*—> R*U{0} is a
nonincreasing integrable function, we can apply Theorem (4.16) with ¢(z) =
J/;2¥(s)ds. In this way, from our result, we can deduce an extension to spaces of
homogeneous type of a classical result due to Calderon and Zygmund. More
precisely, if ¥: R*—> R*U{0} is a nonincreasing integrable function, then the
maximal operator associated with the family of kernels

K(x,y)=e'¥(ed(x, y))
is of weak type (1,1) and of strong type (p, p), 1 < p < o0.
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REMARK 2. The symmetry of the quasi-distance d can be replaced by

Cd(x,y)<d(y,x)< Cd(x,y),
where C is a finite constant. Then Example 5 in §1 falls into the scope of Theorem
(4.16).

Next, we give examples of normal spaces of homogeneous type of order a and
functions ¢ satisfying (4.9)-(4.11) but such that the boundedness property (4.5) is
not valid. This shows that some additional property, replacing P, is necessary in
order to obtain the L* boundedness of the maximal operator.

EXAMPLE 1. Let p: R = R*U {0} be the function defined by

0 ifx:O’
p(x)={2|x|-2/ if2/<|x|<3-2/7",
271 if 3-2/71 <|x| < 2/%L

If X =R, p is the Lebesgue measure and d(x, y) = p(x — y), then (X, d,pn) is a
normal space of order 1. Let ¢: R*— R*U {0} be the function defined by

0 if 1 <12,
27+ it =1 ifre (21(1 - 1/i),27), i > 4,
=0 o pit o1 ifre (2,20 + 1/4)),
0 ifre (2'(1+1/i),21(1 - 1/(i + 1))).

Clearly ¢ is bounded and |¢/(¢)| < Ct~'. Moreover

/(;wt'qb(t)dt = i{fzz [277+ (it = 1)¢7!] dr

(A-1/i)

+ [PV i+ 1) dt}
2‘

= ¥ {itogl(1 + 1/0)/(1 = 1/0)] + log[1 - (1/i)]}

Let ¢, = 27/ and K, (0, y) = d(0, y)-1¢[e-ld(0 )]. Then

J K ©. ) du(y) > ) J 27'9[2/* ] dy

i=—o0 V{y: d(0,y)=2")
=C L (i+)j)' =
iz4-j
Therefore (R,d,p) is a normal space of order @, and the kernel K, satsifies
(4.9)—(4.11); however, (4.5) fails.

In the preceding example, the measure and the quasi-distance are both translation
invariant, therefore, the set of those ¢ > 0 for which (K (x, y)dy is finite, is
independent of x. We could set the question whether it is possible to choose a
particular sequence for which (4.5) holds. To answer this we give an example where
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the sets
E, = {e e (0,1): /Ky(x,y)dy < oo}
R

are such that N E, = 2.
EXAMPLE 2. Let X = R, p be the Lebesgue measure and p be as in Example 1.
Denote

Ri={(x,y) eR: —3<x<3,x<y<

R,={(x,y)eR:i<xx<1
Ry={(x,y)eR:-1<x< -4, x<y<2)
U{(x,y)eR:-1<x<1,2<y<3},

3
R,={(x,y)eR:x<y} - UR.,.
i=1

Let ¥: R? - [1/2,1] be a symmetric Lipschitz function such that
if (x,y) € Ry,
Y(x,y)=(1 if(x,y)€R,,

x if(x,y) €R,.

o=

If we set d(x, y) = p(x — y)¥(x, y), then (X, d, n) is a normal space of homoge-
neous type of order 1. Let ¢ be defined by

0 ifr>1/6,

20+t =1 ifre (271 - 1/i),277),i > 3,

2+ it + 1 ifre (2752771 + 1/6)),

0 ifre (27001 + 1/(i + 1)),27(1 = 1/i)).

o(1) =

As in Example 1 it is easy to check that the function ¢ satisfies (4.9)—(4.11).
However if ¢ € (0,1), then there exist x € [1/2,1) and j € N U {0} such that
e = x27/. Therefore

+ o0
fRKe(x,y)dy> > K (x,y)dy

i=-00

'/;y: d(x,y)=¢€27"}

> T2 (3t plx =) (n,y) = x271)|

i>3
> Y i"2%|{y:2>y>xand p(y — x) = 2717}
i>3
>CY it'= 0.
i>3

This implies that N E, = @.
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